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PLATEAU’S PROBLEM WITH ČECH HOMOLOGICAL CONDITIONS ON C2
MANIFOLD
YANGQIN FANG
Abstract. Let Ω be a n dimensional complete Riemannian manifold of class C2, d a positive integer
between 1 and n − 1. We will solve Plateau’s problem in dimension d on Ω with Čech homology
conditions.
1. Introduction and notation
Plateau’s problem raised from 18th century, flourish since the middle 20th century. The first
solution to the Plateau’s problem in the classical form came in the early of 1930’s by Douglas [4]
and Radó [12] independently. In 1960’s, Federer and Fleming [9] introduced currents, and solved the
Plateau’s problem as a mass minimizing problem of currents. There are simultaneously raised the size
minimizing problem of currents. However, the problem is till open. Contemporaneously, Riefenberg
[13] considered the Plateau’s problem involving homological boundary conditions, and demonstrated
the existence of solutions in euclidean spaces when the coefficient group is compactly abelian and
when the support of the algebraic boundary is compact and one-dimension lower.
Decades have passed since Riefenberg proposed Plateau’s problem with Čech homological condi-
tions, which was developed by many, and there are indeed a plenty of existence results in standard
euclidean spaces, but little is known when we put it on more complicated ambient space, such as
euclidean spaces with holes, manifolds or Banach spaces etc. There are several difficulties obstruct
its development. When we consider a minimizing sequence, if it converges in Hausdorff distance to
a set, the limit set is indeed a competitor, but we do not know its mass for the sake of lack of lower
semi-continuity for Hausdorff measure in general, so we do not know that the limit set is whether or
not a minimizer. If we consider that minimal sequence as a sequence of Radon measures, and suppose
that it converges to a Radon measure, we automatically get the lower semi-continuity of the total mass,
but the hard part is to get the density no less that one for the limit measure.
In this paper, we will consider the Plateau’s problem with homological conditions on a manifold
of class C2. By taking profit from the celebrated Nash’s embedding theorem that every Riemannian
manifold can be isometrically embedded in some euclidean space, it remains to consider that which is
on a submanifold in an euclidean space.
Theorem 1.1. Suppose 1 ≤ d < m ≤ n. Let Ω ⊆ Rn be an m-dimensional closed submanifold of
class C2, let B0 ⊆ Ω be a compact subset. Let G be an abelian group. Suppose that ∂Ω \ B0 = ∅ and
L ⊆ Hˇd−1(B0;G) is a subgroup. If there exits a uniformly bounded minimizing sequence which spans
L, then there exits at least one minimizer.
Let (X, ρ) be a metric space, Y ⊆ X a subset. We denote by Y , int(X) and diam(Y ) the closure, the
interior and the diameter of Y respectively. For any x0 ∈ X and r > 0, we denote by U(x0, r), B(x0, r)
and ∂B(x0, r) the open ball, the closed ball and the sphere, which are centered at x0 and of radius r,
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respectively. We denote by Cc(X,R) the set of continuous functions form X to R which have compact
support; and denote by R(X) the set of all Radon measures on X , which is always endowed with weak
topology given by saying that µk ⇀ µ if and only if µk( f ) → µ( f ) for any f ∈ Cc(X,R). It is quite
easy to see that if X is locally compact, µ, µk are Radon measures with µk ⇀ µ, then for any bounded
compactly supported upper semi-continuous function g : X → R and lower semi-continuous function
f : X → R, it hold that∫
X
f dµ ≤ lim inf
k→∞
∫
X
f dµk and
∫
X
g dµ ≥ lim sup
k→∞
∫
X
g dµk .
For any positive integer n ≥ 2 and positive integer d between 1 and n − 1, for any d-plane P in
R
n, we denote by P♮ the orthogonal projection from R
n onto P, by abuse notation, we also denote
it by P. We denote by G(n, d) the grassmannian manifold which consists of d-planes in Rn through
0 equipped with metric ρ(T, P) = ‖T♮ − P♮ ‖. For any closed submanifold Ω in Rn, we also denote
by ∂Ω the boundary of the manifold Ω. A Radon measure on Ω × G(n, d) is a called a varifold, we
denote by Vd(Ω) the set of varifolds on Ω, see Definition 3.1 in [1]. Let M(Ω) be the collection of
Hd-measurable sets in Ω. Let v : {E ∈ M(Ω) : Hd(E) < ∞} → Vd(Ω) be a mapping such that for
any d-rectifiable E and ϕ ∈ Cc(Ω ×G(n, d),R)
v(E)(ϕ) =
∫
E
ϕ(x,Tan(E, x))Hd(x),
and there is a constant 0 < α < ∞ such that for any purely d-unrectifiable set E
‖v(E)‖ ≤ αHd E .
A varifold V ∈ Vd(Ω) is called rectifiable if it can be express as a countable sum V =
∑
civ(Ei) such
that ci ∈ (0,∞) and Ei are d-rectifiable; furthermore, if ci are positive integers, we call it integral
varifold. We denote by RVd(Ω) and IVd(Ω) the sets of rectifiable varifolds and integral varifolds
respectively.
Theorem 1.2. Suppose 1 ≤ d < m ≤ n. Let Ω ⊆ Rn be an m-dimensional closed submanifold of
class C2. Let U ⊆ Rn be an open set such that U ∩ Ω , ∅ and U ∩ ∂Ω = ∅. Let Ek ⊆ Ω ∩ U be a
sequence of d-sets. Suppose that v(Ek) ⇀ V ∈ Vd(Ω) and
lim
k→∞
(
inf
ϕ
(
H
d(Ek) −Hd
(
ϕ(Ek)
) ))
= 0, (1.1)
where the infimum is taken over ϕ : Ω→ Ω ranging over all Lipschitz mappings which are homotopic
to idΩ and whose support is compact and contained in U. Then there is a d-rectifiable set E ⊆ Ω∩U,
which is a minimal set in U ∩ Ω, such that
V U ×G(n, d) = v(E). (1.2)
2. Deformation theorem
In this section, we will develop a deformation theorem. By a d-set, we mean a set which has
positive finite many Hd measure. For any cube ∆ = a + [−r, r]k in Rk and η > 0, we denote
by η∆ the cube a + [−ηr, ηr]k , and denote by ℓ(∆) the sidelength of ∆. For any x ∈ 12∆, let
p∆,x : Rn \ {x} → ∂B(x,
√
nℓ(∆)) be the mapping defined be
p∆,x(z) = x +
√
nℓ(∆)
|z − x | (z − x), ∀z , x,
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let Π∆,x : ∆ \ {x} → ∂∆ be the mapping defined by
Π∆,x(z) = {x + t(z − x) : t ≥ 0} ∩ ∂∆.
Lemma 2.1. Let X ⊆ Rn be a Borel set, E ⊆ X a Hd-measurable set, ∆ ⊆ Rn a k-cube with
d + 1 ≤ k ≤ n, ϕ : X → ∆ a continuous mapping, and f : X → [0,∞) a Hd-measurable function.
Suppose thatHd E is locally finite, ∆ is centered at x0 with sidelength r > 0. Then for any 0 < β < 1,
there is a set Y = Y∆,E, f ,β ⊆ B(x0, r/4) ∩ ∆ such that Hk(Y ) ≥ (1 − β)ωkrk , and for any x ∈ Y∫
z∈E
‖(Dp∆,x)(ϕ(z))‖d f (z)Hd(z) ≤
4dkd/2σk−1
(k − d)ωk β
∫
z∈E
f (z)Hd(z). (2.1)
Proof. We see that for any unit vector v ∈ Rk ,
Dp∆,x(z)v =
4r
√
k
|z − x |
(
v −
〈
z − x
|z − x | , v
〉
z − x
|z − x |
)
and ‖Dp∆,x(z)‖ = r
√
k |z − x |−1. Thus∫
x∈B(x0,r/4)
∫
z∈E
‖(Dp∆,x)(ϕ(z))‖d f (z) dHd(z) dHk (x) =
∫
z∈E
∫
x∈B(x0,r/4)
(r
√
k)d f (z)
|ϕ(z) − x |d dH
k(x) dHd (z)
≤ k
d/2σk−1rk
(k − d)
∫
z∈E
f (z)Hd(z).
By Chebyshev’s inequality, there is a set Y ⊆ B(0, r) such that Hk(Y ) ≥ (1 − β)ωkrk and (2.1) hold
for any x ∈ Y . 
Lemma 2.2. For any k-cube ∆ ⊆ Rk , Hd-measurable set E ⊆ ∆ and Hd-measurable function
g : E → [0,∞). If Hd E is locally finite and Hd+1(E) = 0, then we can find x∆ ∈ 12∆ \ E
and a C∞ mapping q∆,x∆ : R
k → B(x,
√
kℓ(∆)) such that, by setting E = Erec ⊔ E irr and B =
B(x∆, dist(x∆, E)/2), q∆,x∆ (E irr ) is purely d-unrectifiable, q∆,x∆ |∆\B = p∆,x∆ |∆\B and∫
z∈E
‖Dp∆,x(z)‖dg(z)Hd(z) ≤ 4
d+1kd/2σk−1
(k − d)ωk
∫
z∈E
g(z)Hd(z). (2.2)
Proof. Let κ : R → [0, 1] be a C∞ function such that κ(t) = 0 for any t ≤ 0 and κ(t) = 1 for any t ≥ 1.
Applying Lemma 2.1 with β = 1/4, we can find Y∆ ⊆ 12∆ such that Hk(Y∆) > 0 and (2.2) hold for any
x ∈ Y∆. By Lemma 2.2 in [6], we get that for Hk-a.e. x ∈ Y∆, Π∆,x(E irr ) is purely d-unrectifiable,
denote by Y˜∆ the set of such points x. SinceHd+1(∆ ∩ E) = 0, we have that Hk(Y˜∆ \ E) > 0, pick one
point x∆ ∈ Y˜∆ \ E , put r∆ = dist(x∆, E), and define the C∞ mapping q∆,x : Rn → B(x,
√
nℓ(∆)) by
q∆,x(z) =
{
x + κ
(
2r−1
∆
(z − x)) (p∆,x(z) − x) , z , x,
x, z = x.
Then q∆,x∆ |∆\B = p∆,x∆ |∆\B and q∆,x∆(E irr ) = p∆,x∆(E irr ) is purely d-unrectifiable. 
Lemma 2.3. Let ∆ ⊆ Rk be a k-cube. For any Hd-measurable set E ⊆ ∆ and Hd-measurable
function g : ∆→ R, if Hd E is locally finite, then∫
g dHd Π∆,x(E) ≤ 2dkd/2
∫
(g ◦ Π∆,x)‖Dp∆,x ‖d dHd E
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Proof. Let f∆,x : ∂B(x,
√
kℓ(∆)) → ∂∆ be the mapping defined by
f∆,x(z) = {x + t(z − x) : t ≥ 0} ∩ ∂∆, ∀z ∈ ∂B(0,
√
nℓ(∆)).
Then f∆,x is biLipschitz and f∆,x ◦ p∆,x = Π∆,x. Since B(x, ℓ(∆)/2) ⊆ ∆ ⊆ B(x,
√
kℓ(∆)), we get that
Lip( f∆,x) ≤ 2
√
k. SinceHd( f∆,x(Z)) ≤ Lip( f∆,x)dHd(Z) for any set Z ⊆ ∂B(x,
√
kℓ(∆)), we get that∫
g dHd f∆,x(Z) ≤ Lip( f∆,x)d
∫
g ◦ f∆,x dHd Z .
Since p∆,x is a C∞ mapping and Π∆,x = f∆,x ◦ p∆,x , we get that∫
g dHd Π∆,x(E) ≤ Lip( f∆,x)d
∫
g ◦ f∆,x dHd p∆,x(E)
≤ Lip( f∆,x)d
∫
(g ◦ f∆,x ◦ p∆,x)‖Dp∆,x ‖d dHd E
≤ 2dkd/2
∫
(g ◦ Π∆,x)‖Dp∆,x ‖d dHd E .

Lemma 2.4. Let X ⊆ Rm be any set. LetY ⊆ Rk be a compact set, f˜ : X → ∂Y a Lipschitz mapping.
Then we can find Lipschitz mapping f : Rm → Y such that f |X = f˜ and Lip( f ) = Lip( f˜ ). Moreover
any Lipschitz mapping, which is defined on the k-skeleton of an n-cube ∆ ⊆ Rn, and which maps each
k-faces of ∆ to itself, admit a Lipschitz extension which maps each i-faces of ∆ to itself, k ≤ i ≤ n.
Proof. Let g : Rm → Rk be a Lipschitz extension of f˜ such that Lip(g) = Lip( f˜ ). Since Y is convex,
for any z ∈ Rk , there is a unique point xz ∈ Y such that dist(z,Y ) = |z− xz |. We denote by ρ : Rk → Y
the mapping defined by ρ(z) = xz , and then define
f = ρ ◦ g.
Since Lip(ρ) = 1 and ρ|Y = idY , we see that f is a Lipschitz extension of f˜ with the same Lipschitz
constant. The moreover part then follows from induction.

Lemma 2.5. Let ∆ ⊆ Rk be a k-cube. For any x ∈ 12∆, setting B = B(x,
√
kℓ(∆)), there exits a
Lipschitz mapping f∆,x : B → ∆ such that f∆,x |∂B : ∂B → ∂∆ is biLipschitz, f∆,x ◦ p∆,x |∆ = Π∆,x and
Lip( f∆,x) = Lip( f∆,x |∂B) ≤ 2dkd/2. (2.3)
Proof. For any z ∈ ∂B, we define
h(z) = {x + t(z − x) : t ≥ 0} ∩ ∂∆.
Then g : ∂B → ∂∆ is a Lipschitz mapping with Lip(h) ≤ 2dkd/2. Let f∆,x : B → ∆ be a Lipschitz
extension of h with Lip(h˜) = Lip(h) as in Lemma2.4. Then we see that f∆,x◦p∆,x |∆ = h◦p∆,x |∆ = Π∆,x
and (2.3) holds. 
Definition 2.6. Let F be a collection of finitely many n-cubes in Rn, let Fm be the collection all
m-faces of cubes in F. We say that F is admissible if
• for any ∆0,∆1 ∈ Fm, either ∆˚0 ∩ ∆˚1 = ∅, ∆0 ⊆ ∆1 or ∆1 ⊆ ∆0, where ∆˚i = ∆i \ ∪Fm−1, and
• for any ∆0,∆1 ∈ Fm, if ∆1 ( ∆0, then there exist {∆i}2≤i≤I ⊆ Fm such that ∆0 = ∪1≤i≤I∆i
and ∆˚i ∩ ∆˚j = ∅ for any 1 ≤ i < j ≤ I.
PLATEAU’S PROBLEM WITH ČECH HOMOLOGICAL CONDITIONS ON C2 MANIFOLD 5
Theorem 2.7 (Deformation theorem). Let Fbe a collection of n-cubes in Rn which is admissible. Set
D = ∪Fand F′m = {∆ ∈ Fm : ∆˚ ⊆ int(D)} for 0 ≤ m ≤ n. There exists c0 = c0(n, d) ≥ 1 such that
for any d-set E ⊆ Rn with Hd+1 (E ∩ int(D)) < ∞, setting E ∩ int(D) = Erec ⊔ E irr such that Erec
is d-rectifiable andHd-measurable, E irr is purely d-unrectifiable andHd-measurable, we can find a
Lipschitz mapping φ : Rn → Rn, an upper semi-continuous function λ : Rn → [0,∞), S ⊆ F′
d
and
an open set W ⊆ Rn such that
• φ(∆) ⊆ ∆ for any ∆ ∈ Fm, φ|Rn\D = idRn\D, E ⊆ W ,
• (∪S) ∩ int(D) ⊆ φ (E ) ∩ int(D) ⊆ φ(W) ∩ int(D) ⊆ ∪F′
d
, φ(W) ∩ int(D) \ ∪S ⊆ ∪F′
d−1,
• Hd (φ(E irr ) ∩ int(D)) = 0, λ(x) = 1 for any x ∈ Rn \ D,
• for any Hd-measurable d-set Z ⊆ W and Hd-measurable function g : Rn → [0,∞),∫
g dHd φ(Z) ≤
∫
(g ◦ φ) · λ dHd Z, (2.4)
• for any K⊆ Fn, setting K = ∪Kand A = ∪{∆ ∈ Fn : ∆ ∩ ∂D , ∅}, we have that
H
d(φ(E ∩ K)) ≤
∫
E∩K
λ(x) dHd(x) ≤ c0
(
H
d(Erec ∩ K) +Hd(E irr ∩ K ∩ A)
)
. (2.5)
In particular, if E ∩ int(D) is relatively closed in int(D) and
H
d(Erec ∩ int(D)) ≤ c−10 min
{
ℓ(∆)d : ∆ ∈ F′n
}
, (2.6)
then
φ(W) ∩ int(D) ⊆ ∪F′d−1. (2.7)
Proof. For any ∆ ∈ Fn, let x∆ and q∆,x∆ be as in Lemma 2.2, let f∆,x∆ be as in Lemma 2.5 with x = x∆.
We define the mapping φ1 : Rn → Rn and ψ1 : Rn \ {x∆ : ∆ ∈ Fn} → Rn by
φ1(z) =
{
f∆,x∆ ◦ q∆,x∆(z), z ∈ ∆, ∆ ∈ Fn,
z, otherwise,
and
ψ1(z) =
{
f∆,x∆ ◦ p∆,x∆(z), z ∈ ∆ \ {x∆}, ∆ ∈ Fn,
z, otherwise.
Then we see that φ1 is Lipschitz, and by setting r∆ =
1
2 dist(x∆, E), ψ1 coincide with φ1 on the set
U1 = R
n \
⋃
∆∈Fn
B (x∆, r∆) .
Put E0 = E , E1 = ψ1(E0), and E1 ∩ int(D) = Erec1 ⊔ E irr1 . Since φ1 is Lipschitz, we see that
E1 = ψ1(E) = φ1(E) = φ1
(
E
)
,
and Hd+1(E1) = 0. Similarly, for any ∆ ∈ Fn−1 with ∆˚ ⊆ int(D), we can find x∆ ∈ 12∆ \ E1, such that
Π∆,x∆(E irr1 ∩ ∆) is purely d-unrectifiable. Define the mapping ψ2 by
ψ2(z) =
{
f∆,x∆ ◦ p∆,x∆(z) = Π∆,x∆(z), z ∈ ∆ \ {x∆}, ∆ ∈ F′n−1,
z, z ∈ Rn \ int(D).
We see that ψ2 is not define on whole space Rn, which is only defined on
dmn(ψ2) = (Rn \ int(D)) ∪
⋃ {
∆ \ {x∆} : ∆ ∈ F′n−1
}
,
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but fortunately it is well defined on ψ1(U1) at least, and im(ψ2) ∩ int(D) ⊆ ∪{∆ : ∆ ∈ Fn−1}. Put
r∆ =
1
2
dist(x∆, E1) and U2 = (Rn \ int(D)) ∪
⋃ {
∆ \ B(x∆, r∆) : ∆ ∈ F′n−1
}
.
We see that ψ2 |U2 is Lipschitz. Let φ2 : Rn → Rn be a Lipschitz extension of ψ2 |U2, whose existence
is guaranteed by Lemma 2.5 and Lemma 2.4, such that ψ2(∆) ⊆ ∆ for any ∆ ∈ Fn.
By induction, we can define ψi, Ui, Ei and φi : Rn → Rn for 1 ≤ i ≤ n − d in a similar way, which
indeed are satisfying that
dmn(ψi) = (Rn \ int(D)) ∪
⋃
{∆ \ {x∆} : ∆ ∈ F′n−i+1},
ψi(z) =
{
Π∆,x∆(z), ∆ ∈ F′n−i+1,
z, z ∈ Rn \ int(D),
Ei = ψi(Ei−1), r∆ = dist(x∆, Ei−1),
Ui = (Rn \ int(D)) ∪
⋃ {
∆ \ B(x∆, r∆) : ∆ ∈ F′n−i+1
}
,
ψi(E irri−1 ∩ ∆) is purely d-unrectifiable for any ∆ ∈ Fn−i+1, ψi |Ui is Lipschitz, and φi is a Lipschitz
extension of ψi |Ui such that φi(∆) ⊆ ∆ for any ∆ ∈ ∪n−i+1≤ j≤nFj Since En−d = ψn−d(En−d−1) and
im(ψn−d) ∩ int(D) ⊆ ∪{∆ : ∆ ∈ Fd}, we get that
En−d ∩ int(D) ⊆ ∪{∆ : ∆ ∈ F′d}.
For any ∆ ∈ F′
d
, if ∆ \ En−d , ∅, then we pick one point x∆ ∈ ∆ \ En−d . Let φn−d+1 : Rn → Rn be a
Lipschitz mapping such that φn−d+1 |∆ = id∆ if ∆ ∈ F′d and ∆\En−d = ∅ or ∆ ⊆ ∂D; φn−d+1 |∆ = q∆,x∆
if ∆ \ En−d , ∅. Put En−d+1 = φn−d+1(En−d), r∆ = dist(x∆, En−d), and
Un−d+1 =
(
R
n \ int(D)
)
∪
(
∪ F′d
)
\
(
∪ {B(x∆, r∆) : ∆ ∈ F′d,∆ \ En−d , ∅}) .
Put Wn−d+1 = Un−d+1, and Wi = Ui ∩ φ−1i (Wi+1) for 1 ≤ i ≤ n− d. Since Ui is open in
(
R
n \ int(D)) ∪( ∪F′
n−i+1
)
, 1 ≤ i ≤ n − d + 1, we get that Wi is open in Ui. Since U1 is open in Rn, we get that W1 is
open in Rn. Put λn−d+1 ≡ 1, and define λi : ∪Fn−i+1 → R, 2 ≤ i ≤ n − d, by
λi(z) =

2d(n − i + 1)d/2‖Dq∆,x∆(z)‖d · λi+1(φn−i+1(z)), z ∈ ∆˚,∆ ∈ F′n−i+1,
2d(n − i + 1)d/2 · 4d(n − i + 1)d/2 · λi+1(z), z ∈ ∆ \ ∆˚,∆ ∈ F′n−i+1,
1, z ∈ ∪Fn−i+1 \ ∪F′n−i+1
Let λ : Rn → R be define by
λ1(z) =

2dnd/2‖Dq∆,x∆(z)‖d · λ2(φ1(z)), z ∈ ∆˚,∆ ∈ Fn,
2dnd/2 · 4dnd/2 · λ2(z), z ∈ ∆ \ ∆˚,∆ ∈ Fn,
1, z ∈ Rn \ D.
Define φ = φn−d+1 ◦ φn−d ◦ · · · ◦ φ1, W = W1 and λ = λ1. Then φ|Rn\D = idRn\D, φ(∆) ⊆ ∆
for any ∆ ∈ Fm, 0 ≤ m ≤ n, E ⊆ W , φ(E) = En−d+1 and φ
(
E
)
= En−d+1. Put S = {∆ ∈ Fd :
∆ \ En−d+1 = ∅}. Then ∪S ⊆ En−d+1 and φ(W) ⊆ φn−d+1(Un−d+1), thus φ(W) ∩ int(D) ⊆ ∪F′d and
φ(W) ∩ int(D) \ ∪S ⊆ ∪F′
d−1. By our construction of ψi , we see that ψn−d ◦ · · · ◦ ψ1(E irr ) is purely
d-unrectifiable, but int(D)∩ψn−d ◦· · ·◦ψ1(E irr ) is contained in∪F′d, thus int(D)∩ψn−d ◦· · ·◦ψ1(E irr )
must be a set of Hd measure 0. So we get that Hd(int(D) ∩ φ(E irr )) = 0. Indeed, λ |Rn\D ≡ 1 and
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(2.4) clearly follows from the construction of λ and Lemma 2.3. For any ∆ ∈ F′m, 2 ≤ m ≤ n − d,
since x∆ ∈ 12∆, we see that
‖Dq∆,x∆(z)‖ =
√
mℓ(∆)
|z − x∆ |
≤ 4√m, ∀z ∈ ∆ \ ∆˚,
thus the functions λi, 1 ≤ i ≤ n − d, are upper semi-continuous. In particular, λ = λ1 is upper
semi-continuous. For any 1 ≤ i ≤ n − d and ∆ ∈ F′
n−i+1, setting φ0 = idRn , since H
d(E irr ∩ ∆˚) = 0,
by Lemma 2.1, there is a constant ζi > 0, which only depends on n − i + 1 and d, such that∫
∆˚∩E
λi(φi−1 ◦ · · · ◦ φ0(z)) dHd(z) =
∫
∆˚∩Er ec
λi(φi−1 ◦ · · · ◦ φ0(z)) dHd(z) ≤ ζiHd(Erec ∩ ∆˚);
if ∆ ∈ Fn−i+1 \ F′n−i+1, by Lemma 2.1, we only get that∫
∆˚∩E
λi(φi−1 ◦ · · · ◦ φ0(z)) dHd(z) ≤ ζiHd(E ∩ ∆˚),
hence (2.5) holds with c0 = max{1, ζ1}.

Lemma2.8. Let c0 = c0(n, d) ≥ 1 be the constant in Theorem 2.7. There is a constant c1 = c1(n, d) > 0
such that for any d-set E ⊆ Rn and 0 < r < ρ, there is a Lipschitz mapping φ : Rn → Rn such that
φ(U(x, ρ)) ⊆ U(x, ρ), φ|Rn\U(x,ρ) = idRn\U(x,ρ),
H
d(φ(E ∩ U(x, ρ))) ≤ c0
(
H
d(E ∩A(x, r, ρ)) +H(Erec ∩ U(x, ρ))
)
, (2.8)
and
H
d(φ(E ∩ U(x, ρ))) ≤ c0Hd(E ∩A(x, r, ρ)) +
c1ρ
n
(ρ − r)n−d . (2.9)
Moreover, if r > ρ/4 and
H
d(Erec ∩U(x, ρ)) < c−10
(
3
√
n
)d−n(ρ − r)d, (2.10)
then we have that
H
d(φ(E ∩ U(x, ρ))) ≤ c0Hd(E ∩A(x, r, ρ)). (2.11)
Proof. Put δ = (ρ − r)/(3√n). For any i1, · · · , in ∈ Z, we denote by Ci1, · · ·,in the cube defined by
(δi1, · · · , δin) + [0, δ]n. Let F be the collection of all cubes Ci1, · · ·,in ⊆ U(x, ρ), and let K = {∆ ∈
F : ∆ ∩ B(x, r) , ∅}. By Theorem 2.7, we can find Lipschitz mapping φ : Rn → Rn and S ⊆ F′
d
such that φ(∆) ⊆ ∆ for any ∆ ∈ F, φ(x) = x for any x ∈ Rn \ ∪F, φ(E) ∩ int(∪Fn) ⊆ ∪Fd,
φ(E) ∩ int(∪Fn) \ ∪S ⊆ Fd−1 and
H
d(φ(E ∩ (∪K))) ≤ c0Hd(Erec ∩ (∪K)).
Immediately, we get that (2.8) holds since
H
d(φ(E ∩ U(x, ρ) \ ∪K)) ≤ c0Hd(E ∩ U(x, ρ) \ ∪K) ≤ c0Hd(E ∩ A(x, r, ρ)).
Since φ(E ∩ B(x, r)) ⊆ ∪F′
d
, and the number of cubes in F is no more than ωnρd/δn, we get that
(2.9) hold for some constant c1 which only depends on n and d. Since φ(E) ∩ (∪F′n) ⊆ ∪S and
Hd(φ(E) ∩ (∪F′n)) ≤ c0Hd(Erec ∩U(x, ρ)) < δd , but each element of ShasHd measure 0 or δd , we
get that Hd(φ(E) ∩ (∪F′n)) = 0, and (2.11) holds.

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3. Quasiminimal sets on Rn
Definition 3.1. For any set Ω ⊆ Rn and any open set U ⊆ Rn, if Ω ∩ U is nonempty and relatively
closed in U, we denote by D(Ω,U) the collection all of Lipschitz mappings ϕ : Ω → Ω which is
homotopic to idΩ and {x ∈ Ω : ϕ(x) , x} is relative compact in U.
Definition 3.2. Let Ω,U be as in Definition 3.1. For any nondecreasing functions M : [0,+∞) →
[1,+∞) and ε : [0,+∞) → [0,+∞], we define QM(Ω,U, M, ε) to be the collection of sets E ⊆ Ω such
that Hd E is locally finite, E ∩ U is relatively closed in U, and for any ϕ ∈ D(Ω,U),
H
d(E ∩ Wϕ) ≤ M(r)Hd(ϕ(E ∩ Wϕ)) + ε(r),
where r = diam(Wϕ ∩ ϕ(Wϕ)).
If M ≡ 1 and ε ≡ 0, then any elements in QM(Ω,U, M, ε) is called minimal in Ω ∩U.
If M ≡ 1, and ε(r) = h(r)rd , where h is a gauge function, then elements in QM(Rn,U, M, ε) are
called almost minimal sets in U with gauge function h, see Definition 4.3 in [3].
If there is a δ > 0 such that M(r) ≡ M ≥ 1 and ε(r) ≡ 0 for 0 < r < δ, then any element in
QM(Rn,U, M, ε) is called (U, M, δ)-quasiminimal, see Definition 2.4 in [2].
If there is a δ > 0 and a constant h ∈ (0, 1) such that M(r) ≡ M ≥ 1 and ε(r) = hrd for 0 < r < δ,
then any element in QM(Rn,U, M, ε)is called general quasiminimal, see Definition 2.10 in [3].
If δ > 0 and ε : (0, δ) → [0,∞) is a nondecreasing function such that ε(0+) = 0, then any element
in QM(Rn,U, 1 + ε(r), 0) is called (M, ε, δ)-minimal set, see for example Chapter 11 in [11].
We do not assume previously ε(0+) = 0 in our definition. It is easy to see from the definition that
QM(Ω,U, M, ε) ⊆ QM(Ω′,U ′, M ′, ε′),
if Ω′ ⊆ Ω, U ′ ⊆ U, M ≤ M ′ and ε ≤ ε′.
Lemma 3.3. For any E ∈ QM(Rn,U, M, ε) and open set O ⊆ Rn, we have that
H
d(E irr ∩ O) ≤ ε(diamO).
Proof. WeWrite E ∩U = E irr ⊔Erec , where Erec is d-rectifiable andHd-measurable, E irr is purely
d-unrectifiable and Hd-measurable. Then for Hd-a.e. x ∈ E irr ,
Θ
d(Erec, x) = 0 and Θ∗d(E irr , x) ≥ 2−d,
and we denote by E0 the collection of such points. For any τ > 0, and x ∈ E0, we can find a sequence
of decreasing positive numbers {ρx,m} such that ρx,m → 0 as m → ∞,Hd(E ∩ ∂B(x, ρx,m)) = 0,
Hd(Erec ∩ B(x, r))
ωdrd
≤ τ, ∀0 < r ≤ ρx,1
and
Hd(E irr ∩ B(x, r))
ωdrd
>
1
2d+1
.
We see that {B(x, ρx,m) : x ∈ E0,m ≥ 1, ρx,m < dist(x,Rn \ O)} is a Vitali covering of E0 ∩ O. By
Vitali covering theorem, we can find finite many disjoint balls {Bi}1≤i≤m such that
H
d
(
E0 \ ∪mi=1Bi
) ≤ τHd(E0).
For any 0 < r < ρ < dist(x,Rn \ O), by Lemma 2.8, there exits Lipschitz mapping φx : Rn → Rn
such that φx(B(x, ρ)) ⊆ B(x, ρ), φx(y) = y for y < U(x, ρ) and
H
d(ϕ(E ∩ U(x, ρ))) ≤ c0
(
H
d(E ∩A(x, r, ρ)) +H(Erec ∩ B(x, r))) .
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Let ϕ : Rn → Rn be the mapping given by
ϕ(y) =
{
y, y ∈ Rn \ ∪m
i=1Bi
φxi (y), y ∈ Bi.
Then ϕ is Lipschitz, thus for any 0 < δ < 1/2, setting Bi = B(xi, ρi),Ui = U(xi, ρi) and ρ′i = (1−δ)ρi ,
H
d(E ∩ ∪mi=1Ui) ≤ M(diamO)Hd(ϕ(E ∩ ∪mi=1Ui)) + ε(diamO)
≤ c0M(diamO)
m∑
i=1
(
H
d(E ∩A(xi, ρ′i, ρi)) +Hd(Erec ∩ B(xi, ρ′i))
)
+ ε(diamO).
By the arbitrariness of δ, we get that
H
d(E ∩ ∪mi=1Ui) ≤ c0M(diamO)
m∑
i=1
H
d(Erec ∩ Ui) + ε(diamO)
≤ c0M(diamO)
m∑
i=1
2d+1τHd(E irr ∩ Ui) + ε(diamO),
thus (
1 − 2d+1c0M(diamO)τ
) m∑
i=1
H
d(E irr ∩Ui) ≤ ε(diamO).
By the arbitrariness of τ, we get that
H
d(E irr ∩ O) ≤ ε(diamO).

Corollary 3.4. If lim supr→0+ r
−dε(r) < 2−dωd, then every element in QM(Rn,U, M, ε) is rectifiable.
Proof. Write E ∩ U = Erec ∪ E irr . Since lim supr→0+ r−dε(r) < 2−dωd, by Lemma 3.3, we get that
Θ
∗d(E irr, x) < 2−d for every point x ∈ U. ThusHd(E irr ) = 0. 
Lemma 3.5. Suppose that E ∈ QM(Rn,U, M, ε). Let c1 = c1(n, d) > 0 be the constant in Lemma 2.8,
and let η > 1 and r0 > 0 be such that 2(n − d)c0(ln η)−1/2M(ηr0) ≤ 1. Then for any x ∈ E ∩ U and
0 < r < min{r0, η−1 dist(x,Rn \ U)}, we have that
H
d(E ∩ B(x, r)) ≤ 2c1M(2ηr)(ηr)d + ε(2ηr).
Proof. We take α1 = 1, and
γ =
(
1 − 1
c0M(2ηr)
) 1
2(n−d)
, αm+1 =
(
1 − γm
)−1
αm, m ≥ 1.
Since (1 + x)β ≤ 1 + βx for β ∈ [0, 1] and x ≥ −1, we have that
γ ≤
(
1 − 2(n − d)(ln η)−1/2
)1/(2(n−d))
≤ 1 − (ln η)−1/2
Since x/(1 + x) ≤ ln(1 + x) ≤ x for −1 < x < 1, we have that
ln αm+1 = −
m∑
k=1
ln
(
1 − γk
)
≤
m∑
k=1
γk
1 − γk ≤
m∑
k=1
γk
1 − γ ≤
γ
(1 − γ)2 < ln
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Thus αm < η for any m ≥ 1. Put r1 = r and rm = αmr. By Lemma 2.8, we can find Lipschitz
mappings φm : Rn → Rn such that φm(B(x, rm+1)) ⊆ B(x, rm), φm |Rn\B(x,rm+1) = idRn\B(x,rm+1) and
H
d(φm(E ∩ U(x, rm+1))) ≤ c0Hd(E ∩ A(x, rm+1, rm)) + c1(αm+1 − αm)d−n(αm+1)nrd.
Thus
H
d(E ∩U(x, rm+1)) ≤ M(2ηr)Hd(φm(E ∩ U(x, rm+1))) + ε(2ηr)
≤ c0M(2ηr)Hd(E ∩ A(x, rm+1, rm)) + c1M(2ηr)(αm+1 − αm)d−nαnm+1rd + ε(2ηr),
and we get that
H
d(E ∩B(x, rm)) ≤ c0M(2ηr) − 1
c0M(2ηr)
H
d(E ∩U(x, rm+1))+
c1M(2ηr)(αm+1 − αm)d−nαnm+1rd + ε(2ηr)
c0M(2ηr)
,
thus
H
d(E∩B(x, r)) ≤
(
c0M(2ηr) − 1
c0M(2ηr)
)m
H
d(E∩U(x, rm+1))+
∑ c1c−10 rdαnk+1
(αk+1 − αk)n−d
(
c0M(2ηr) − 1
c0M(2ηr)
)k
+ε(2ηr).
Since Hd(E ∩ B(x, ηr)) < ∞, we get that
H
d(E ∩ B(x, r)) ≤ c1c−10
∞∑
k=1
αn
k+1
(αk+1 − αk)n−d
(
c0M(2ηr) − 1
c0M(2ηr)
)k
rd + ε(2ηr)
≤ c1c−10 ηd
∞∑
k=1
(1 − αk/αk+1)d−nγ2(n−d)krd + ε(2ηr)
= c1c
−1
0 η
d
∞∑
k=1
γ(n−d)krd + ε(2ηr) = c1c−10 ηd
γn−d
1 − γn−d r
d
+ ε(2ηr)
≤ 2c1ηdM(2ηr)rd + ε(2ηr).

Lemma 3.6. Suppose that Ek ∈ QM(Rn,U, Mk, εk), M(r) = lim supk Mk(r), ε(r) = lim supk εk(r),
Hd (Ek ∩ U)⇀ µ, and ε0 = lim supr→0 r−dε(r) < ∞. Then we have that for any x ∈ U ∩ spt µ
Θ
∗d(µ, x) ≤
(
2c1M(0+)ω−1d + 2dω−1d ε0
)
exp
(
4d(n − d)2c20M(0+)2
)
.
Proof. Take η > exp
(
4(n − d)2c20M(0+)
)
. Then 2(n− d)c0(ln η)−1/2M(0+) < 1, and there is a radious
r0 > 0 such that 2(n − d)c0(ln η)−1/2M(ηr0) < 1, thus 2(n − d)c0(ln η)−1/2Mk(ηr0) < 1 for k large
enough. For any x ∈ U ∩ spt µ and 0 < r < min{r0, η−1 dist(x,Rn \ U)}, we have that
H
d(Ek ∩ B(x, r)) ≤ 2c1Mk(2ηr)(ηr)d + εk(2ηr),
thus
µ(U(x, r)) ≤ lim inf
k→∞
H
d(Ek ∩U(x, r)) ≤ 2c1M(2ηr)(ηr)d + ε(2ηr), (3.1)
and
Θ
∗d(µ, x) ≤ 2c1M(0+)ηdω−1d + 2dηdω−1d lim sup
r→0
r−dε(r) ≤
(
2c1M(0+)ω−1d + 2dω−1d ε0
)
ηd .

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Lemma 3.7. There exist constants c3 = c3(n, d) > 0 and c4 = c4(n) > 0 such that for any M , ε,
E ∈ QM(Rn,U, M, ε), open set O ⊆ U, δ > 0 and 0 < τ < min{(10√n)−d, c−13 M(diamO)−1}, by
setting
m(O, x, δ) = inf {r−dHd(E ∩ B(x, r)) : 0 < r < min{dist(x,Rn \ O), δ}}
and
E(O, δ, τ) = {x ∈ E ∩ O : m(O, x, δ) ≤ τ},
we have that
H
d(E(O, δ, τ)) ≤ c4ε(diamO)
1 − c3M(diamO)τ
.
Proof. For any x ∈ E(O, δ, τ), we denote mx = m(O, x, δ) and choose radius rx > 0 such that
rx < min{dist(x,Rn \ O), δ}, Hd(E ∩ ∂B(x, rx)) = 0 and
Hd(E ∩ B(x, rx))
rdx
<
(
1 +
(
6c0
√
n · mx
)1/d)
mx .
Applying Besicovitch’s covering theorem to {B(x, rx)}, we can find constant c4 = c4(n) of positive
integers and balls {Bi, j }j∈Ji , 1 ≤ i ≤ c4, such that Bi, j1 ∩ Bi, j2 = ∅ for any j1 , j2, and
E(O, δ, τ) ⊆
c4⋃
i=1
⋃
j∈Ji
Bi, j .
By Lemma 2.8, we can find Lipschitz mappings ϕi : Rn → Rn such that ϕi(Bi, j ) ⊆ Bi, j for j ∈ ji,
ϕi(y) = y for y < ∪j∈JiBi, j , and
H
d(E ∩ ∪j∈JiBi, j ) ≤ c0M(diamO)Hd(E ∩ ∪j∈JiAi, j ) + ε(diamO),
where Ai, j = A(xi, j, (1 − δi, j )ri, j, ri, j ) and δi, j = (6c0
√
n · mi, j)1/d. Since mi, j < τ and
H
d(E ∩ Ai, j ) ≤
(
1 +
(
6c0
√
n · mx
)1/d)
mi, jr
d
i, j − mi, j (1 − δi, j )drdi, j ≤ (d + 1)δi, jmi, jrdi, j,
we get that
H
d(E ∩ ∪j∈JiBi, j ) ≤ c0M(diamO)(d + 1)(6c0
√
n)1/dτ
∑
j∈Ji
mi, jr
d
i, j + ε(diamO)
≤ c0M(diamO)(d + 1)(6c0
√
n)1/dτHd(E ∩ ∪j∈JiBi, j ) + ε(diamO).
We take c3 = (d + 1)
√
n
d/2
c
(d+1)/d
0 . Then
H
d(E ∩ ∪j∈JiBi, j ) ≤
ε(diamO)
1 − c3M(diamO)τ
.
Hence
H
d(E(O, δ, τ)) ≤
c4∑
i=1
H
d(E ∩ ∪j∈JiBi, j ) ≤
c4ε(diamO)
1 − c3M(diamO)τ
.

Lemma 3.8. Suppose that Ek ∈ QM(Rn,U, Mk, εk) and Hd Ek ⇀ µ, M(r) = lim supk Mk(r),
ε(r) = lim supk εk(r), Hd (Ek ∩ U) ⇀ µ and ε0 = lim supr→0 r−dε(r) < ∞. Then for any
x ∈ U ∩ spt µ, if Θ∗d(µ, x) > 6d+1c4ω−1d ε0, then Θd∗ (µ, x) ≥ (2ωdc0M(0+))−1. In particular, if ε0 = 0,
then Θd∗ (µ, x) ≥ (2ωdc0M(0+))−1 for Hd-a.e. x ∈ U ∩ spt µ.
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Proof. We take a sequence {rm} of decreasing positive numbers such that rm → 0 and
lim
m→∞
µ(U(x, rm))
ωdr
d
m
= Θ
∗d(µ, x) > 2d+1c4ε0,
thus
lim inf
m→∞ lim infk→∞
Hd(Ek ∩U(x, rm))
ωdr
d
m
≥ Θ∗d(µ, x) > 2d+1c4ε0.
For any 0 < τ < 1/(2c0M(0+)), we take 0 < r0 < 12 dist(x,Rn \ U) such that 2c0M(2r0) < 1.
Since Ek(U, 2rm, τ)∩U(x, rm) = Ek(U(x, 3rm), 2rm, τ)∩U(x, rm) ⊆ Ek(U(x, 3rm), rm, τ) when m large
enough such that rm < r0/2, by Lemma 3.7, we get that
lim sup
k→∞
H
d(Ek (U, 2rm, τ) ∩ U(x, rm)) ≤ 2c4ε(6rm)
and
lim sup
m→∞
lim sup
k→∞
1
rdm
H
d
(
Ek(U, 2rm, τ) ∩ U(x, rm)
) ≤ 2c46dε0.
We get that
lim inf
m→∞ lim infk→∞
Hd(Ek ∩U(x, rm) \ Ek(U, 2rm, τ))
rdm
≥ ωdΘ∗d(µ, x) − 2c46dε0 > 0.
Since rm > rm+1, we get that Ek(U, rm, τ) ⊆ E(U, rm+1, τ). Taking m0 > 0 such that r ′0 = rm0 < r0/2,
we have that for any m ≥ m0, there is an integer km > 0 such that Ek ∩ U(0, rm) \ Ek(U, r ′0, τ) , ∅ for
k ≥ km. We take ym,k ∈ Ek ∩U(0, rm) \ Ek(U, r ′0, τ), then for any 0 < r < r ′0,
H
d(Ek ∩ B(x, r)) ≥ Hd(Ek ∩ B(ym,k, r − |x − ym,k |)) ≥ Hd(Ek ∩ B(ym,k, r − rm)) ≥ τ(r − rm)d .
Hence
µ(B(0, r)) ≥ lim sup
k→∞
H
d(EkB(x, r)) ≥ τ(r − rm)d .
Since rm → 0, we get that µ(B(x, r)) ≥ τrd, and Θd∗ (µ, x) ≥ ω−1d τ. 
Proposition 3.9. Suppose that Ek ∈ QM(Rn,U, Mk, εk) and Hd Ek ⇀ µ, M(r) = lim supk Mk(r),
ε(r) = lim supk εk(r) and Hd (Ek ∩ U)⇀ µ. If limr→0 r−dε(r) = 0, then µ U is rectifiable.
Proof. Write Ek ∩ U = Ereck ⊔ E irrk , Ereck is d-rectifiable and Hd-measurable, E irrk is purely d-
unrectifiable and Hd-measurable. Put µk = Hd Ereck . By Lemma 3.3, we have that H
d Eirr ⇀ 0
and µk ⇀ µ. Put E = U ∩ spt µ. By Lemma 3.6 and Lemma 3.8, there is a constant c2 > 0 which
only depends on n, d, M(0+) such that 1/c2 ≤ Θd∗ (µ, x) ≤ Θ∗d(µ, x) ≤ c2 for almost every x ∈ E , thus
there is a Borel function θ : E → R such that µ = θHd E . We assume by contradiction that E ∩ U
is not d-rectifiable, and E ∩U = Erec ⊔ E irr . Then there exits x ∈ E irr such that
Θ
d(Erec, x) = 0, 2−d < Θ∗d(E irr , x) ≤ 1.
For any 0 < δ < min{1/10, (c22d+4
√
n)−1} and 0 < τ < (c0ωd)−1(10
√
n)d−nδd , we take radius ρ > 0
such that ρ < 12 dist(x,Rn \ U),
Hd(Erec ∩ B(x, r))
ωdrd
≤ τ and H
d(E irr ∩ B(x, r))
ωdrd
≤ (1 + τ)Θ∗d(E, x) for any 0 < r ≤ 2ρ,
and
Hd(E irr ∩ B(x, ρ))
ωdρd
≥ (1 − 2τ)Θ∗d(E, x).
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For any i1, · · · , in ∈ Z, we denote by Ci1, · · ·,in the cube given by (δρi1, · · · , δρin) + [0, δρ]n. Let Fbe
the collection of all cubes Ci1, · · ·,in which is contained in U(x, (1 + 3
√
nδ)ρ), let F′ = {∆ ∈ F : ∆ ⊆
int(∪F)}. By Theorem 2.7, there exist a Lipschitz mapping φ : Rn → Rn, an upper semi-continuous
function λ : Rn → [0,∞) and open set W ⊆ Rn such that φ(x) = x for x ∈ Rn \∪F, φ(∆) ⊆ ∆ for any
∆ ∈ F, E ⊆ W , φ(W ∩ B(x, ρ)) ⊆ ∪F′
d
, λ(x) = 1 for x ∈ Rn \ ∪F, for any d-set Z ⊆ W ,
H
d(φ(Z)) ≤
∫
x∈Z
λ(x) dHd (x),
and for any K ⊆ F
H
d(φ(E ∩ (∪K))) ≤
∫
E∩(∪K)
λ(x) dHd(x) ≤ c0Hd(E ∩ (∪K)).
SinceHd (Ek ∩U) ⇀ µ, E = U ∩ spt µ, E ⊆ W and W is open, we see that
lim
k→∞
H
d(Ek ∩U \ W) = 0,
and
lim
k→∞
H
d(φ(Ek ∩ U \ W)) = 0.
Setting D = ∪F, B′ρ = B(x, (1 + 3
√
nδ)) and Bρ = B(x, ρ), by (2.7), we have that Hd(Bρ ∩ W) = 0,
thus
H
d(Ek ∩ Bρ ∩ W) = 0, lim
k→∞
H
d(φ(Ek ∩ B′ρ \ W)) = 0,
and
H
d(φ(Ek ∩ B′ρ)) ≤ Hd(φ(Ek ∩ B′ρ \ W)) +
∫
Ek∩W∩B′ρ\Bρ
λ(x) dHd(x).
Thus, setting ρ1 = (1 + 3
√
nδ)ρ and Uρ = U(x, ρ),
lim sup
k→∞
H
d
(
φ(Ek ∩ B′ρ)
)
≤ lim sup
k→∞
∫
W∩B′ρ\Bρ
λ dHd Ek ≤
∫
W∩B′ρ\Uρ
λ dµ
≤ c2
∫
W∩B′ρ\Uρ
λ dHd E ≤ c2c0Hd(E ∩W ∩ B′ρ \ Uρ)
≤ c2c0Hd(E ∩ B′ρ \ Uρ) ≤
(
(1 + τ)ρd1 − (1 − 2τ)ρd
)
Θ
∗d(E, x)ωd
≤
(
(2 + 2d)τ + 2d+1√nδ
)
Θ
∗d(E, x)ωdρd.
We have that
µ(U(x, ρ1)) ≤ lim inf
k→∞
H
d (Ek ∩U(x, ρ1))
≤ lim inf
k→∞
(
M(2ρ1)Hd (φ(Ek ∩ B(x, ρ1))) + ε(2ρ1)
)
≤ 2d+2√nωdδρd .
But
µ(U(x, ρ1)) ≥ 1
c2
H
d(E ∩ U(x, ρ1)) ≥ 1
c2
(1 − 2τ)Θd(E, x)ωdρd ≥ ωd
2d+1c2
ρd,
this is a contradiction.

The following corollary is a direct consequence of Lemma 3.6, Lemma 3.8 and Proposition 3.9.
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Corollary 3.10. Suppose that Ek ∈ QM(Rn,U, Mk, εk) and Hd Ek ⇀ µ, M(r) = lim supk Mk(r),
ε(r) = lim supk εk(r) andHd (Ek ∩U) ⇀ µ. If M(0+) < ∞ and limr→0 r−dε(r) = 0, then U ∩ spt µ
is d-rectifiable and there is a constant c2 = c2(n, d, M(0+)) > 0 such that for Hd-a.e. x ∈ U ∩ spt,
c−12 ≤ Θd(µ, x) ≤ c2.
Definition 3.11. Let µ be any Radon measure µ on Rn. If x ∈ Rn satisfies that Θ∗d(µ, x) ∈ (0,∞),
and there exists T ∈ G(n, d) such that for any τ > 0,
Θ
d
(
µ
(
R
n \ C(T, x, τ)), x) = 0,
where C(T, x, τ) = {y ∈ Rn, dist(y − x,T) ≤ τ |y − x |}, then we call that T an approximate tangent
d-plane of µ at x. It is quite easy to see the uniqueness if it exists, and we denote it by Tand(µ, x).
Lemma 3.12. Suppose that Ek ∈ QM(Rn,U, Mk, εk), M(r) = lim supk Mk(r), ε(r) = lim supk εk(r)
Hd (Ek ∩U)⇀ µ and x ∈ U ∩ spt µ. If limr→0 r−dε(r) = 0, Θd(µ, x) and Tand(µ, x) exists, then for
any decreasing sequence {rm} of positive numbers, setting Bm = B(x, rm), we have that
lim sup
m→∞
lim sup
k→∞
1
rdm
(
H
d(Ereck ∩ Bm) − M(0+)Hd
(
T♮(Ereck ∩ Bm)
) ) ≤ 0. (3.2)
Proof. Without loss of generality, we assume that x = 0 ∈ U ∩ spt µ, T = Tand(‖V ‖, 0). Write
Ek ∩ U = Ereck ∪ E irrk . By Lemma 3.3, we see that Hd E irrk ⇀ 0, thus Hd Ereck ⇀ µ.
For any 0 < δ < 1/10, taking τ = δ2, we see that
lim
m→∞
‖T ‖(B(0, rm))
ωdr
d
m
= Θ
d(‖T ‖, 0) ∈ [1/c2, c2] and lim
m→∞
‖T ‖(B(0, rm) \ C(T, 0, τ))
rdm
= 0.
Put Am = (T + B(0, τrm)) ∩ B(0, (1 − 2δ)rm). Then we see that Am ⊆ T + B(0, τrm) and Am +
B(0, δrm) ⊆ U(0, rm). By Lemma 2.5 in [6], there is a Lipschitz mapping ϕm : Rn → Rn such
that ϕm(B(0, rm)) ⊆ B(0, rm), ϕm |Rn\U(0,rm) = idRn\U(0,rm), ϕm |Am = T♮ |Am and Lip(ϕm) ≤ 3 + τ/δ.
Putting r ′m = (1 − 2δ)rm and B′m = B(0, r ′m), we get that
H
d(ϕm(Ek ∩ B(0, rm))) ≤ Lip(ϕm)dHd(Ek ∩ B(0, rm) \ Am) +Hd(T♮(Ek ∩ Am))
≤ 4d
(
H
d(Ek ∩ Bm \ B′m) +Hd(Ek ∩ Bm \ C(T, 0, τ)
)
+H
d(T♮(Ek ∩ Am)).
Since Hd(Ek ∩ B(0, rm)) ≤ Mk(2rm)Hd(ϕm(Ek ∩ B(0, rm))) + εk(2rm), we get that
H
d(Ek ∩ Bm) − Mk(2rm)Hd(T♮(Ek ∩ Bm)) ≤ 4dMk(2rm)
(
H
d(Ek ∩ Bm \ B′m) +Hd(Ek ∩ Bm \ C(T, 0, τ)
)
+ εk(2rm).
By Lemma 3.3, we have that Hd(E irr
k
∩ Bm) ≤ εm(2rm+), thus
lim sup
k→∞
(
H
d(Ereck ∩Bm)−M(2rm)Hd(T♮(Ereck ∩Bm))
)
≤ 4dM(2rm)
(‖T ‖(Bm\B′m)+‖T ‖(Bm\C(T, 0, τ)))+2ε(2rm+),
and
lim sup
m→∞
lim sup
k→∞
1
rdm
(
H
d(Erec
k
∩Bm)−M(2rm)Hd(T♮(Ereck ∩Bm))
)
≤ M(0+)4d(1−(1−2δ)d)ωdΘd(‖T ‖, 0).
Let δ tend to 0, we get that
lim sup
m→∞
lim sup
k→∞
1
rdm
(
H
d(Ereck ∩ Bm) − M(2rm)Hd(T♮(Ereck ∩ Bm))
)
≤ 0.
Since M(2rm) → M(0+), we get that (3.2) holds. 
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Theorem 3.13. Suppose that Ek ∈ QM(Ω,U, Mk, εk), M(r) = lim supk Mk(r), ε(r) = lim supk εk(r),
M(0+) = 1, limr→0+ r−dε(r) = 0 and v(Ek ∩ U) ⇀ V . If x ∈ U ∩ spt ‖V ‖, Θd(‖V ‖, x) and
T = Tand(‖V ‖, x) exists, then
VarTan(V, x) = {v(T)}.
Proof. Without loss of generality, we assume that x = 0, E = U ∩ spt ‖V ‖, 0 ∈ E , T = Tand(‖V ‖, 0).
Write Ek ∩ U = Ereck ∪ E irrk . By Lemma 3.3, we see that Hd E irrk ⇀ 0, thus v(Ereck )⇀ V .
For any C ∈ VarTan(V, 0), there is a sequence {rm} of decreasing positive numbers such that
C = lim
m→∞(µ1/rm)♯V,
thus
C = lim
m→∞ limk→∞
(µ1/rm)♯v(Ereck ) and ‖C‖ = limm→∞ limk→∞H
d
µ1/rm(Ereck )
For any ϕ ∈ Cc(Rn ×G(n, d),R), we have that
C B(0, 1) ×G(n, d)(ϕ) = lim
m→∞ limk→∞
1
rdm
∫
Er ec
k
∩U(0,rm)
ϕ
(
x, Tand(Ereck , x)
)
H
d(x)
Putting Bm = B(0, rm), by Lemma 3.12, we have that
lim sup
m→∞
lim sup
k→∞
1
rdm
∫
Er ec
k
∩Bm
(
1 − Jd(T♮ |Er ec
k
)(x)
)
dHd(x) ≤ 0.
Putting qk(x) = Tan(Ereck , x), by Lemma 11.4 in [7], we have that
‖qk(x) − T ‖2 ≤ 2
(
1 − ap Jd(T♮ |Er ec
k
)(x)
)
.
Hence, setting E ′
k
= Erec
k
,(∫
E′
k
∩Bm
‖qk(x) − T ‖ dHd(x)
)2
≤
∫
E′
k
∩Bm
dHd(x)
∫
E′
k
∩Bm
‖qk(x) − T ‖2 dHd(x)
≤ 2Hd(E ′k ∩ Bm)
∫
E′
k
∩Bm
(
1 − ap Jd(T♮ |E′
k
)(x)
)
dHd(x),
and
lim sup
m→∞
lim sup
k→∞
1
rdm
∫
Er ec
k
∩Bm
‖qk(x) − T ‖ dHd(x) = 0.
For any ϕ ∈ C∞c (Rn ×G(n, d),R), we see that ϕ(·,T) ∈ C∞c (Rn,R), thus
‖C‖ B(0, 1)(ϕ(·,T)) = lim
m→∞ limk→∞
1
rdm
∫
Er ec
k
∩Bm
ϕ(x,T)Hd(x),
setting C1 = C B(0, 1) ×G(n, d) and T1 = T ∩ B(0, 1), we have that
|C1(ϕ) − v(T1)(ϕ)| = lim
m→∞ limk→∞
1
rdm
∫
Er ec
k
∩Bm
ϕ (x,Tand(Ereck , x)) − ϕ(x,T)Hd(x)
≤ lim sup
m→∞
lim sup
k→∞
1
rdm
∫
Er ec
k
∩Bm
‖Dϕ‖‖qk(x) − T ‖Hd(x) = 0.
Hence C B(0, 1) ×G(n, d) = v(T ∩ B(0, 1)). Since C is a cone, we get that C = v(T) 
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Lemma 3.14. Suppose that Ek ∈ QM(Ω,U, Mk, εk), M(r) = lim supk Mk(r), ε(r) = lim supk εk(r),
M(0+) < ∞, limr→0+ r−dε(r) = 0 and Hd (Ek ∩ U) ⇀ µ. If x ∈ U ∩ spt µ, Θd(µ, x) ∈ (0,∞) and
T = Tand(µ, x) exists, then
lim inf
r→0
lim inf
k→∞
Hd(T♮(Ek ∩ B(x, r)))
ωdrd
≥ 1. (3.3)
Proof. For any 0 < δ < min{(10√n)−1, (5dc0dM(0+))−1}, taking τ = δ2, setting r ′ = (1 − δ)r,
Br = B(x, r), Ur = U(x, r), B′r = B(x, r ′) and Ar = Br ∩ (T + B(0, τr)), we see that
lim
r→0
µ(B(x, r))
ωdrd
= Θ
d(µ, x) and lim
r→0
µ(B(0x, r \ C(T, x, τ))
rd
= 0.
LetFr be the collection of cubesCi1, · · ·,in = (τri1, · · · , τrin)+[0, τr]n which is contained inU(x, r)\Ar .
We have that
lim
r→0
1
rd
µ(∪Fr ) = 0.
There exits rτ > 0 such that µ(∪Fr ) < c−10 (τr)d for any 0 < r ≤ rτ , thus there exit kτ,r such that
Hd(Ek ∩ ∪Fr ) < c−10 (τr)d for any k ≥ kτ,r . By Theorem 2.7, there exist φr,k : Rn → Rn such that
φr,k(∪Fr ) ⊆ ∪Fr , φr,k |Rn\∪Fr = idRn\∪Fr , φr,k(Ek ∩ ∪Fr ) ⊆ ∪Frd and
H
d(φr,k(Ek ∩ ∪Fr )) ≤ c0Hd(Ek ∩ ∪Fr ).
Setting A′r = B′r ∩ (T + B(0, τr)) and H ′r = B′r ∩ (T + B(0, 2
√
nτr)), we have that B′r \ H ′r ⊆ ∪Fr
and φr,k |A′r = idA′r . By Lemma 2.5 in [6], there exist Lipschitz mapping ϕr : Rn → Rn such that
ϕr (Br ) ⊆ Br , ϕr |Rn\Br = idRn\Br , ϕr |H ′r = T♮ |H ′r and
Lip(ϕ) ≤ 3 + 2√nτ/δ ≤ 3 + 2√nδ ≤ 5.
Hence
H
d(ϕr ◦ φr,k(Ek) ∩ B′r \ T) = 0.
We claim that ϕr ◦ φr,k(Ek) ∩ B′r ∩ T = T ∩ B′r . Otherwise, we take y ∈ T ∩ B′r \ ϕr ◦ φr,k(Ek),
since ϕr ◦ φr,k(Ek) is compact, there is a small ball U(y, r) such that U(y, r) ∩ ϕr ◦ φr,k(Ek ) = ∅. Let
py the be a Lipschitz mapping such that py |Rn\U(y,r) = idRn\U(y,r), py(B′r ) ⊆ B′r and py |B′r \U(y,r/2) is
the radial projection onto ∂B′r centered at y. Then
H
d(py ◦ ϕr ◦ φr,k(Ek ∩ Br )) ≤ 5dc0Hd(Ek ∩ Br \ A′r ),
and
H
d(Ek ∩Br ) ≤ Mk(2r)Hd(py ◦ϕr ◦φr,k (Ek ∩Br ))+εk(2r) ≤ Mk(2r)5dc0Hd(Ek ∩Br \ A′r )+εk(2r).
Hence
µ(Ur ) ≤ lim inf
k→∞
H
d(Ek ∩ Ur ) ≤ 5dc0M(2r)µ(Br \ int(A′r )) + ε(2r)
and
Θ
d(µ, x) = lim
r→0
µ(Ur )
ωdr
d
≤ 5dc0M(0+) lim sup
r→0
1
rd
(µ(Br ) − µ(U′r )) ≤ 5dc0M(0+)Θd(µ, x)dδ,
this is a contradiction, so the claim holds, that is, ϕr ◦ φr,k(Ek) ∩ B′r ∩ T = T ∩ B′r . Thus
ωdr
′d ≤ Hd(φr,k(Ek) ∩ B′r ∩ T) ≤ 5dc0Hd(Ek ∩ Br \ A′r ) +Hd(T♮(Ek ∩ A′)),
we get that
ωd(1 − δ)d ≤ 5dc0 lim sup
r→0
1
rd
(µ(Br ) − µ(U′r )) + lim inf
r→0
lim inf
k→∞
1
rd
H
d(T♮(Ek ∩ A′r )),
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and
lim inf
r→0
lim inf
k→∞
Hd(T♮(Ek ∩ B(x, r)))
ωdr
d
≥ (1 − δ)d − 5dc0Θd(µ, x)dδ.
Let δ → 0, we get that (3.3) holds.

Theorem 3.15. Suppose that Ek ∈ QM(Ω,U, Mk, εk), M(r) = lim supk Mk(r), ε(r) = lim supk εk(r),
M(0+) < ∞, limr→0+ r−dε(r) = 0 and v(Ek ∩ U) ⇀ V . If x ∈ U ∩ spt ‖V ‖, Θd(‖V ‖, x) = 1 and
T = Tand(‖V ‖, x) exists, then
VarTan(V, x) = {v(T)}.
Proof. Similar to the proof of Theorem 3.13, we assume that x = 0, E = U ∩ spt ‖V ‖, 0 ∈ E ,
T = Tand(‖V ‖, 0), Ek ∩ U = Ereck ∪ E irrk . For any C ∈ VarTan(V, 0), there is a sequence {rm} of
decreasing positive numbers such that
C = lim
m→∞(µ1/rm)♯V .
Since Θd(‖V ‖, 0) = 1, by Lemma 3.14, we have that
1 ≤ lim inf
m→∞ lim infk→∞
Hd(T♮(Ek ∩ B(0, rm)))
ωdr
d
m
≤ lim sup
m→∞
lim sup
k→∞
Hd(Ek ∩ B(0, rm))
ωdr
d
m
≤ 1.
Setting Bm = B(x, rm), by Lemma 3.3, we have that
lim sup
m→0
lim sup
k→∞
1
rdm
H
d(E irrk ∩ Bm) = 0.
Since
H
d(T♮(Ereck ∩ Bm)) ≤
∫
x∈Er ec
k
∩Bm
ap Jd(T♮ |Er ec
k
) dHd(x),
we have that
lim
m→∞ limk→∞
1
rdm
∫
Er ec
k
∩Bm
(
1 − Jd(T♮ |Er ec
k
)(x)
)
dHd(x) = 0.
The rest of the proof is the same as the proof of Theorem 3.13. 
Theorem 3.16. Suppose that Ek ∈ QM(Rn,U, Mk, εk), M(r) = lim supk Mk(r), ε(r) = lim supk εk(r)
and Hd (Ek ∩ U) ⇀ µ. If M(0+) < ∞ and limr→0 r−dε(r) = 0, then we have that for any Hd-a.e.
x ∈ U ∩ spt µ, Θd(µ, x) exits and
1 ≤ Θd(µ, x) ≤ M(0+).
Proof. By Corollary 3.10, there is a constant c2 > 0 such that for Hd-a.e. x ∈ E , Θd(µ, x) exits and
1/c2 ≤ Θd(µ, x) ≤ c2.
We take x ∈ U ∩ spt µ, such that Θd(µ, x) ∈ [1/c2, c2] and T = Tand(µ, x) exits. By Lemma 3.12, we
get that
lim sup
r→0
lim sup
k→∞
1
rd
H
d(Ereck ∩ B(x, r)) ≤ M(0+)ωd .
Since
lim sup
k→∞
H
d(E irrk ∩ B(x, r)) ≤ ε(2r)
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and limr→0 r−dε(2r) = 0, we get that
Θ
d(µ, x) = lim
r→0
µ(U(x, r))
ωdrd
≤ lim sup
r→0
lim sup
k→∞
1
ωdrd
H
d(Ek ∩ U(x, r)) ≤ M(0+).
By Lemma 3.14, we get that
lim
r→0
µ(B(x, r))
ωdr
d
≥ lim inf
r→0
lim sup
k→∞
1
ωdr
d
H
d(Hd(Ek ∩ B(x, r)))
≥ lim inf
r→0
lim inf
k→∞
1
ωdrd
H
d(Hd(T♮(Ek ∩ B(x, r)))) ≥ 1.

Corollary 3.17 (Theorem 3.4 in [2] and Lemma 3.12 in [3]). Suppose that Ek ∈ QM(Rn,U, Mk, εk),
M(r) = lim supk Mk(r), ε(r) = lim supk εk(r) and Hd (Ek ∩U) ⇀ µ, E = spt µ. If M(0+) < ∞ and
limr→0 r−dε(r) = 0, then we have that for any open set O ⊆ U,
H
d(E ∩ O) ≤ lim inf
k→∞
H
d(Ek ∩ O),
and for any compact set H ⊆ U,
lim sup
k→∞
H
d(Ek ∩ H) ≤ M(0+)Hd(E ∩ H).
Corollary 3.18. Suppose that Ek ∈ QM(Rn,U, Mk, εk), M(r) = lim supk Mk(r), ε(r) = lim supk εk(r)
v(Ek ∩U) ⇀ V , E = spt(‖V ‖) and limr→0 r−dε(r) = 0.
• If M(0+) = 1, then V U ×G(n, d) = v(E ∩ U).
• If M(0+) < ∞ and there is an open set O ⊆ U such that
H
d(E ∩ O) = lim
k→∞
H
d(Ek ∩ O),
then V O ×G(n, d) = v(E ∩ O).
Proof. If M(0+) = 1, then the conclusion directly follows from Theorem 3.13 and Proposition 3.9. If
M(0+) < ∞ and Hd(E ∩ O) = limk→∞Hd(Ek ∩ O), by Theorem 3.16, we see that Θd(µ, x) = 1 for
Hd-a.e. x ∈ E ∩ O, then by Theorem 3.15 and Proposition 3.9, we get the conclusion. 
4. Qusaiminimal sets on C2 submanifold
For any nonempty set A ⊆ Rn, we denote by δ = δA : Rn → R the distant function defined
by δ(x) = dist(x, A). Let Unp(A) be the set of those points in Rn for any such point x there is
a unique point ξA(x) ∈ A such that δ(x) = |x − ξA(x)|. For any z ∈ A, we define reach(A, z) to
be the supremum of numbers r > 0 for which U(x, r) ⊆ Unp(A), and define the reach of A by
reach(A) = inf{reach(A, z) : z ∈ A}. By Remark 4.2 in [8], we see that reach(A, ·) is continuous on A.
For any set W ⊆ Unp(A), setting ρ = sup{dist(x, A) : x ∈ W} and R = inf{reach(A, ξ(x)) : x ∈ W},
by Theorem 4.8 (8) in [8], we have that
Lip(ξ |W ) ≤ R
R − ρ.
Lemma 4.1. Suppose 1 ≤ d < m ≤ n. Let Ω ⊆ Rn be an m-dimensional closed submanifold of class
C2. Let U ⊆ Rn be a bounded open set with U ∩ Ω , ∅ and U ∩ ∂Ω = ∅. If E ∈ QM(Ω,U, M, ε),
then there exist r0 = r0(Ω,U) > 0, increasing functions M ′ and ε′ such that E ∈ QM(Rn,U, M ′, ε′),
M ′(r) ≤ (1 + r/r0)dM(r) and ε′(r) ≤ ε(r) for 0 < r ≤ r0.
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Proof. We take ξ = ξΩ and r0 =
1
4 inf{reach(Ω, ξ(x)) : x ∈ U ∩ Unp(Ω)}. Since U ∩ ∂Ω = ∅, and
reach(Ω, ·) is continuous onΩ, we see that r0 > 0. For any ϕ ∈ D(Rn,U)with diam(Wϕ∩ϕ(Wϕ)) ≤ r0,
we assume Wϕ ∩ E , ∅, otherwise we have nothing to do. Then W = Wϕ ∪ ϕ(Wϕ) ⊆ Unp(Ω) and
sup{dist(x,Ω) : x ∈ W} ≤ diam(W) ≤ r0, thus we get that
Lip(ξ |W ) ≤
2r0
2r0 − diam(W)
≤ 1 + diam(W)
r0
.
Since ξ ◦ ϕ ∈ D(Ω,U), we get that
H
d(E ∩ Wϕ) ≤ M(diamW)Hd(ϕ(E ∩ Wϕ)) + ε(diamW)
≤ M(diamW)Lip(ξW )dHd(ϕ(E ∩Wϕ)) + ε(diamW)
≤ M(diamW)(1 + r−10 diamW)dHd(ϕ(E ∩Wϕ)) + ε(diamW).
The conclusion holds with M ′(r) = (1 + r/r0)dM(r) and ε′(r) = ε(r) for 0 < r ≤ r0. 
Theorem 4.2. Suppose 1 ≤ d < m ≤ n. Let Ω ⊆ Rn be a closed m-dimensional submanifold
of class C2. Let U ⊆ Rn be an open set such that U ∩ Ω , ∅ and U ∩ ∂Ω = ∅. Suppose that
{Ek } ⊆ QM(Ω,U, Mk, εk), M(r) = lim supk→∞ Mk(r), ε(r) = lim supk→∞ εk(r), Hd (Ek ∩ U) ⇀ µ,
M(0+) < ∞ and limr→0+ r−dε(r) = 0. Then we have that
• U∩spt µ is d-rectifiable, forHd-a.e. x ∈ U∩spt µ,Θd(µ, x) exists and 1 ≤ Θd(µ, x) ≤ M(0+);
• if O ⊆ U is an open set and Θd(µ, x) = 1 for µ-a.e. x ∈ O, then v(O ∩ Ek) converges to a
varifold V with V O ×G(n, d) = v(O ∩ spt µ).
In particular, if M(0+) = 1 and v(U ∩ Ek) ⇀ V , then V U ×G(n, d) = v(U ∩ spt ‖V ‖).
Proof. For any closed ball B(x, r) ⊆ U, if U(x, r) ∩ Ω , ∅, by Lemma 4.1, we see that
Ek ∈ QM(Rn,U, M ′k, ε′k),
where U = U(x, r), M ′
k
(r) = (1 + r/r0)dMk(r) and ε′k(r) = (1 + r/r0)dεk(r) for 0 < r ≤ r0,
r0 = r0(Ω,U) > 0. Put M(r)′ = lim supk→∞ M ′k(r) and ε(r)′ = lim supk→∞ ε′k(r). Then M ′(0+) =
M(0+) < ∞ and limr→0+ rdε′(r) = limr→0+ rdε(r) = 0. By Theorem 3.16, we get that U ∩ spt µ is
d-rectifiable, for Hd-a.e. x ∈ U, Θd(µ, x) exists and 1 ≤ Θd(µ, x) ≤ M(0+).
For any closed ball B(x, r) ⊆ O, by Theorem 3.15, we get that v(O ∩ Ek) converges to a varifold V ,
which satisfies
V O ×G(n, d) = v(O ∩ spt ‖V ‖).

Proof of Theorem 1.2. Put ζk = inf
{
Hd(Ek) − Hd(ϕ(Ek)) : ϕ ∈ D(Ω,U)
}
. From (1.1), we get
that ζk ≥ 0 and ζk → 0 as k → ∞. Put Mk ≡ 1 and εk ≡ ζk , M(r) = lim supk→∞ Mk(r) and
ε(r) = lim supk→∞ εk(r). Then we see that Ek ∈ QM(Ω,U, Mk, εk). Since M ≡ 1 and ε ≡ 0, by
Theorem 4.2, we get that (1.2) hold. 
5. Plateau’s Problem
LetΩ ⊆ Rn be a nonempty closed subset, B0 ⊆ Ω a nonempty compact subset. Let G be an abelian
group. Suppose that L ⊆ Hˇd−1(B0;G) is a subgroup. A compact set E ⊆ Ω is called spanning L
(or whose algebraic boundary contains L) if E ⊇ B0 and Hˇd−1(iB0,E )(L) = 0, where iB0,E : B0 → E
is the inclusion mapping and Hˇd−1(iB0,E ) is the homomorphism induced by iB0,E . We denote by
Cˇ = Cˇ(Ω, B0,G, L) the collection of subsets in Ω which are spanning L. It is possible Cˇ = ∅, if
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we do not presuppose any condition on Ω and B0. It is quite easy to see that, for any E ∈ Cˇ and
ϕ ∈ D(Ω,Ω \ B0), ϕ(E) ∈ Cˇ.
Lemma 5.1. Let A1 and A2 be two compact subsets in Rn. If Hˇd−1(A1 ∩ A2;G) = 0, then the
homomorphism Hˇd−1(iA1,A1∪A2 ) is injective.
Proof. By [5, Theorem 15.3 in p.39] and fact that every compact triad is a proper triad [5, p.257], we
get that the Mayer-Vietoris sequence of triad (A1 ∪ A2; A1, A2) for Čech homology is exact. That is, it
holds the following exact sequence:
· · · → Hˇd−1(A1 ∩ A2;G) ψ−→Hˇd−1(A1;G) ⊕ Hˇd−1(A2;G) φ−→Hˇd−1(A1 ∪ A2;G) → · · · → 0,
where homomorphism ψ and φ are defined by
ψ(u) = Hˇd−1(iA1∩A2,A1 )(u) − Hˇd−1(iA1∩A2,A2 )(u)
and
φ(v1, v2) = Hˇd−1(iA1,A1∩A2)(v1) + Hˇd−1(iA2,A1∩A2 )(v2).
Since Hˇd−1(A1 ∩ A2;G) = 0, we get that φ is injective. Let
j : Hˇd−1(A1;G) → Hˇd−1(A1;G) ⊕ Hˇd−1(A2;G)
be the homomorphism defined by j(v) = (v, 0). Then Hˇd−1(iA1,A1∪A2 ) = φ ◦ j is injective.

Lemma 5.2. Let B0 ⊆ Rn be a nonempty compact subset. Let G be an abelian group. Suppose that
L ⊆ Hˇd−1(B0;G) is a subgroup. Let {Ek} be a sequence of compact subsets in Rn, which is uniformly
bounded and each of them is spanning L. Suppose that Hd (Ek \ B0)⇀ µ. Then B0 ∪ spt µ spans L.
Proof. We assume B0 ∪ ∪kEk ⊆ B(0, R), R > 0, put E = B0 ∪ spt µ and U = U(0, R + 1) \ E . Then
E is compact and contained in B(0, R), U is open. Let Fbe the family of cubes which raise from a
Whitney decomposition of U with the following conditions hold:
• Fconsists of interior disjoint dyadic cubes and ∪Q∈FQ = U;
• √nℓ(Q) ≤ dist(Q,Rn \ U) ≤ 4√nℓ(Q);
• if Q1 ∩ Q2 , ∅, then 1/4 ≤ ℓ(Q1)/ℓ(Q2) ≤ 4.
We put Fk = E + U(0, 4−k+1) and let Qk be the collection of cubes Q in Fwhose sidelength is no
less than 4−k . By putting Gk =
⋃{Q : Q ∈ Qk}, we have that Gk ⊆ int(Gk+1) and Rn \ int(Gk) ⊆ Fk .
Since µ(U) = 0, there exists a increasing sequence {mk} of positive integers such that
H
d(Em ∩ Gk) < c−10 4−kd, ∀m ≥ mk .
We take E ′
k
= Emk . By Theorem 2.7, there exist Lipschitz mappings φk : R
n → Rn such that
φk(Q) ⊆ Q for Q ∈ Qk , φk |Rn\Gk = idRn\Gk and int(Gk) ∩ φk(E ′k) ⊆ ∪Qkd−1. Since E ′k spans L,
we get that φk(E ′k) spans L. Setting E ′′k = φk(E ′k) \ int(Gk) and Hk = int(Gk) ∩ φk(E ′k), we see that
Hk ∩ E ′′k ⊆ ∪Qkd−2 and E ′′k ∪ Hk = φk(E ′k), thus Hd−1(Hk ∩ E ′′k ) = 0. Applying Theorem VII 3 in
[10], we get that
Hˇd−1(Hk ∩ E ′′k ;G) = 0.
By lemma 5.1, we get that the homomorphism Hˇd−1
(
iE′′
k
,φk (E′k )
)
is injective. Since
iB0,φk (E′k ) = iE′′k,φk (E′k ) ◦ iB0,E′′k ,
we have that
Hˇd−1
(
iB0,φk (E′k )
)
= Hˇd−1
(
iE′′
k
,φk (E′k )
) ◦ Hˇd−1 (iB0,E′′k ) .
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Since L ⊆ ker
(
Hˇd−1
(
iB0,φk (E′k )
) )
and that Hˇd−1
(
iE′′
k
,φk (E′k )
)
is injective, we get that
L ⊆ ker
(
Hˇd−1
(
iB0,E′′k
) )
.
Since Rn \ int(Gk) ⊆ Fk , we get that E ′′k ⊆ Fk , thus
L ⊆ ker
(
Hˇd−1
(
iB0,Fk
) )
.
By Lemma 12.2 in [7], we get that
L ⊆ ker
(
Hˇd−1
(
iB,E
) )
.

Proof of Theorem 1.1. Let {Ek } be a minimizing sequence. That is, Ek ∈ Cˇ and
H
d(Ek) → inf{Hd(E \ B0) : E ∈ Cˇ}.
Without loss of generality, we assume that 0 < inf{Hd(E) : E ∈ Cˇ} < ∞. Put U = Ω \ B,
ζk = inf
{
Hd(Ek) −Hd(ϕ(Ek)) : ϕ ∈ D(Ω,U))
}
, Mk ≡ 1, εk ≡ ζk , M(r) = lim supk→∞ Mk(r) and
ε(r) = lim supk→∞ εk(r). Then M ≡ 1, ε ≡ 0 and
Ek ∈ QM(Ω,U, Mk, εk).
Since {Ek } is uniformly bounded and inf {Hd(E) : E ∈ Cˇ} < ∞, we canfind a subsequence {Ekm } such
that Hd (U ∩ Ekm ) converges to a Radon measure µ. By Theorem 4.2, we get that v(U ∩ Ekm) ⇀ V
and V U ×G(n, d) = v(U ∩ spt µ). By Lemma 5.2, we get that E∞ = B0 ∪ spt µ ∈ Cˇ. Thus
H
d(E∞ \ B0) = Hd(U ∩ spt µ) ≤ lim inf
m→∞ H
d(U ∩ Ekm ) = inf{Hd(E \ B0) : E ∈ Cˇ}.
Therefore, E∞ is a minimizer. 
Lemma 5.3. Let U ⊆ Rn be an open set. Let {Ek } be a sequence of closed subsets such that U ∩ Ek
is uniformly bounded. Suppose that lim supk→∞H
d(U ∩ Ek) < ∞ andHd (U ∩ Ek)⇀ µ. Then, for
any τ > 0, there exist a subsequence {Eki }, a sequence of Lipschitz mappings {φi} ⊆ D(Rn,U) such
that ‖φi − id ‖ ≤ τ, φi(U ∩ Eki ) converges to a compact set E in U in local Hausdorff distance,
lim
i→∞
H
d(φi(Eki ) △ Eki ) = 0, U ∩ spt µ ⊆ E and Hd(U ∩ E \ spt µ) = 0. (5.1)
Proof. We assume that τ < 1/10 and Ek ∩ U ⊆ B(0, R) for any i ≥ 1and some R > 0, put
U = U(0, R + 1) \ spt µ and E = U ∩ spt µ. Then U is open. Let F˜be the family of cubes which raise
from a Whitney decomposition of U with the following conditions hold:
• F˜consists of interior disjoint dyadic cubes and ∪
Q∈F˜Q = U;
• √nℓ(Q) ≤ dist(Q,Rn \ U) ≤ 4√nℓ(Q);
• if Q1 ∩ Q2 , ∅, then 1/4 ≤ ℓ(Q1)/ℓ(Q2) ≤ 4.
We construct Ffrom F˜as follows: for any C ∈ F˜, if its sidelength is less than τ, then we put C ∈ F;
otherwise, we decompose it into diaydic cubes of sidelength 2[ln τ/ln 2], then put each smaller cubes into
F. We put Fk = E + U(0, 4−k+1) and let Qk be the collection of cubes Q in Fwhose sidelength is no
less than 4−k . By putting Gk =
⋃{Q : Q ∈ Qk}, we have that Gk ⊆ int(Gk+1) and Rn \ int(Gk) ⊆ Fk .
Since µ(U) = 0, there exists a increasing sequence {ki} of positive integers such that
H
d(Em ∩ Gi) < c−10 4−id, ∀m ≥ ki .
22 YANGQIN FANG
By Theorem 2.7, there exist Lipschitz mappings φi : Rn → Rn such that φi(Q) ⊆ Q for Q ∈ Qi,
φi |Rn\Gi = idRn\Gi and int(Gi) ∩ φi(Eki ) ⊆ ∪Qid−1. Since ∪Gi = U, Rn \ int(Gi) ⊆ E + U(0, 4−i+1)
and φi(Eki ) ∩ int(Gi) is contained in the union of (d − 1)-faces of cubes in F, we get that φi(U ∩ Eki )
converges to E in U in local Hausdorff distance, and (5.1) hold. 
Theorem 5.4. Suppose 1 ≤ d < m ≤ n. Let Ω ⊆ Rn be an m-dimensional closed submanifold of
class C2. Let U ⊆ Rn be an open set with U ∩Ω , ∅ and U ∩ ∂Ω = ∅. Let E(Ω,U) be a collection of
compact subsets in Ω such that
• there exists E ∈ E(Ω,U) such that E ∩U , ∅ and Hd(E ∩U) < ∞;
• for any E ∈ E(Ω,U) and ϕ ∈ D(Ω,U) we have that ϕ(E) ∈ E(Ω,U);
• if {Ei} ⊆ E(Ω,U) is a sequence such that Ei ∩ U converges to E in U in local Hausdorff
distance, then E ∈ E(Ω,U).
If there is a sequence {Ei} ⊆ E(Ω,U) such that {Ei ∩ U} is uniformaly bounded and
H
d(Ei ∩U) → inf{Hd(S ∩U) : S ∈ E(Ω,U)},
then there exit minimizers, i.e. that exits E ∈ E(Ω,U) such that
H
d(E ∩U) = inf{Hd(S ∩ U) : S ∈ E(Ω,U)}.
Proof. We assume that Ei ∩ U ⊆ B(0, R) for all i ≥ 1 and some R > 0. Since Ω is submanifold
of class C2, we see that Ω ∩ B(0, R + 1) is of positive reach. Let ξ be the projection. By Lemma
5.3, for any τ > 0, we can find a subsequence {Eki } of {Ek } and a sequence of Lipschitz mappings
{φi} ⊆ D(Rn,U) such that ‖φi − id ‖ ≤ τ, φi(U ∩ Eki ) converges to a set E in U in Hausdorff
distance, 
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